Abstract-We study the dynamics of vertical-cavity surface-emitting lasers (VCSELs) with direct current modulation in the framework of a model for index-guided VCSELs that takes into account two orthogonal linear polarizations. We analyze the effect of current modulation near the polarization switching (PS) of type I, from the high to the low frequency polarization, and near the PS of type II, from the low to the high frequency polarization. We find that the oscillations of the total power are as those of a single-mode laser, unaffected by the underlaying polarization coexistence or polarization competition. We also study the small-signal modulation response in the Fourier domain, for modulation dc values near the PS point. Close to type I PS the response of the total power as well as the response of the orthogonal polarizations has the same functional dependency on the modulation frequency, and can be fitted by the response function of a single-mode laser. Close to type II PS, polarization competition is a significant process at low modulation frequencies. The polarization-resolved modulation response displays features at low frequencies that are not present in the response of the total power, which is as that of a single-mode laser. The dynamics becomes increasingly complex as the modulation amplitude grows, and there is multistability of solutions.
constraints (as it is in edge-emitters). When VCSELs start to lase they usually emit a linear polarization, with the vector field oriented along one of the two orthogonal directions associated with the crystal axes. As the injection current is increased, a polarization switching (PS) to the orthogonal linear state often occurs. The PS phenomenon is often accompanied by complex polarization dynamics including polarization coexistence (simultaneous emission on two orthogonal linear polarizations with different emission frequencies), polarization competition (noise-induced hopping between two orthogonal linear polarizations with different emission frequencies), and the emission of elliptically polarized light (simultaneous emission on two orthogonal linear polarizations with the same emission frequency) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Polarization mode dispersion is a significant issue in optical fiber communications systems (see, for example, [15] for a recent special issue devoted to polarization effects in fiber-optic networks). The polarization instabilities of VCSELs need to be taken into account for the use of these devices as coherent light sources in such communications systems, and several authors have proposed methods to control the polarization state of the emitted light [16] [17] [18] [19] .
For high bit-rate communication systems, lasers with a large modulation bandwidth are required. The modulation bandwidth of a laser is mainly determined by the relaxation oscillation frequency of the laser, beyond which the modulation response decreases rapidly. The modulation response of VCSELs has received a lot of attention [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , but few studies have focused on the impact of polarization instabilities.
Verschaffelt et al. [31] studied experimentally the VCSEL response near the PS. By modulating the bias current around the PS point and measuring the critical modulation amplitude necessary to force polarization switching, as a function of the modulation frequency, they obtained a polarization modulation frequency response (PMFR) that showed the same cut-off frequency as the thermal frequency response, suggesting the importance of thermal effects. In a follow up study Verschaffelt et al. [32] compared the PMFR of gain-guided and index-guided VCSELs, and found different dynamic behavior for the different VCSEL types: while thermal effects only play a minor role in the PS of index-guided VCSELs, they seem to play a key role in the PS of gain-guided VCSELs.
Valle et al. [33] studied numerically the response of index-guided VCSELs to high-frequency current modulation and found chaotic behavior in the regime of multi-transverse-mode emission, but not in the single-mode regime, where only periodic behaviors -with coexistence of periodic solutionswere found. Switching between the different solutions was possible by the external injection of optical pulses. While the model used in [33] takes into account key mechanisms determining transverse-mode competition, such as spatial hole burning, wave-guiding effects, and carrier diffusion, it does not consider the polarization of the transverse modes. A study of current-modulated VCSELs taking into account polarization effects but neglecting transverse effects was performed by Sciamanna et al. [34] . The intensities of the two polarizations were found to exhibit periodic or chaotic regimes with combination of in-phase and out-of-phase dynamics at two different time scales, associated with the modulation frequency and the relaxation oscillation frequency.
We have recently studied numerically the interplay of current modulation and weak optical feedback [35] , using the model for index-guided VCSEL that takes into account transverse but not polarization effects. For increasing modulation amplitude we found a transition from a regime governed by the optical feedback to a regime where both feedback and modulation contribute, to a regime governed by the current modulation. Spectral signatures of these regimes were observed experimentally by Hong et al. [36] , who also characterized a resonance that depends on the external cavity length.
So far, to the best of our knowledge, no study has addressed the impact of polarization competition and transverse effects on the VCSEL modulation characteristics. In this work we study the dynamics of current-modulated VCSELs, including both transverse and polarization effects. We use the framework of the spin-flip model [4] to take into account the polarization, and the index-guided approximation to include transverse effects [3] , [5] . The transverse optical profiles and modal frequencies are determined by the built-in refractive index distribution, thus allowing a description in terms of modal amplitudes. For the cylindrical transverse section of VCSELs, and assuming operation near threshold with fundamental-mode emission in both polarizations, the appropriate optical profile is the mode. Birefringence is taken into account assuming that the two orthogonal polarizations have slightly different refractive indexes in the core region of the waveguide. Thus, birefringence results not only in a frequency split between the two polarizations, but also, in differently confined transverse profiles, and , and thus, in different modal gains.
To investigate the impact of transverse and polarization effects on the dynamics of current modulated VCSELs, we performed numerical simulations of the model equations focusing on the region of injection currents where the PS occurs. We studied the two types of PS, from the high to the low frequency polarization (commonly referred to as type I) and from the low to the high frequency polarization (referred to as type II) [12] . We found that the small-signal polarization-resolved modulation response differs for type I and type II PS. Close to type I PS the response of the total power as well as the response of the orthogonal polarizations has the same functional dependency on the modulation frequency, and can be fitted by the response function of a single-mode laser. Close to type II PS, polarization competition is a significant process at low modulation frequencies, and the polarization-resolved modulation response displays features at low frequencies that are not present in the response of the total power, which is as that of a single-mode laser. For large modulation amplitude we find complex pulsing behavior, including polarization competition and polarization coexistence.
This paper is organized as follows. Section II presents the model, Section III presents the numerical results and Section IV presents a summary and the conclusions.
II. MODEL
Full details of the model are given in [5] , [37] and thus here we simply highlight its main features. The equations for the two linearly polarized slowly-varying complex amplitudes of the optical field, and , the total carrier density , and the population difference , between the carrier densities with positive and negative spin values, are
Here, is the field decay rate, is the carrier decay rate, is the decay rate which accounts for the mixing of the populations with different spins due to spin-flip relaxation processes. is the linewidth enhancement factor, is the diffusion coefficient, is the spontaneous emission strength, are uncorrelated Gaussian white noises with zero mean.
The gain terms are given by the overlap of the transverse profiles with the carrier density (5) (6) It is assumed that the laser emits the fundamental transverse mode in both polarizations, and , and the profiles are normalized such that . Birefringence is taken into account assuming that the refractive index in the core region in the direction is different from that in the direction , while in the cladding region is isotropic [5] for for (7) Here is the radius of the core region of the waveguide. As a consequence of birefringence, the transverse profiles and are different, and thus, the two polarizations have different modal gains, given by (5) .
The parameter is the dichroism parameter that accounts for an external gain or loss anisotropy, which is not due to the different overlap of the transverse profiles with the active region. In the absence of transverse inhomogeneities, when the laser begins to lase on the polarization because it has the lower threshold. However, when transverse inhomogeneities are taken into account, the polarization selected at threshold is determined not only by but also by the overlap of the mode profiles with the gain region.
The parameter accounts for the frequency splitting of the two polarizations and is determined by eigenvalue equations involving and . , where . and are calculated from the eigenvalue (6) and (7) of [37] . When ( ) the polarization has better (worst) transverse confinement and has the lower (higher) emission frequency, and thus, ( ). The parameter is the normalized injection current: in the absence of anisotropies and transverse inhomogeneities. The injection is assumed to be uniform in the core region, and zero outside:
The modulated current is (9) where is the dc-value, is the modulation depth and is the modulation frequency.
III. RESULTS
We simulated the model equations with typical parameters indicated in Table I [4], [5] , [37] . To study the polarization competition induced by the interplay of current modulation, spatial hole burning and waveguiding effects, we vary the modulation parameters, , , , the carrier diffusion rate, , and the refractive index of the polarization in the active region, . Since the characteristic equation that governs the linear stability of the and polarizations remains unchanged if: 1) the polarizations are interchanged ( , ) and 2) the signs of both dichroism and birefringence parameters are changed ( and ) [4] , it is enough to consider a situation in which the polarization is better confined than the polarization ( and thus ). Changing the sign of both and corresponds to the same physical situation, but for fixed sign of , different signs of correspond to different physical situations.
A. Small-Amplitude Modulation Near Type II PS
We begin by considering a situation in which birefringence is small and the dichroism parameter is negative, giving the polarization a lower threshold. The laser begins to lase on the polarization and, if birefringence is small enough, for increasing injection current a PS occurs to the polarization, in spite of the fact that the polarization has a worst transverse confinement than the polarization and thus has less modal gain. This type of PS, that is from the low frequency (high modal gain) to the high frequency (low modal gain) polarization, has been referred to in the literature as type II [12] , and has been explained, in the context of the SFM model, in terms of the interplay of birefringence, saturable dispersion, and spin-flip processes [4] . The particular value of injection current at which the PS occurs depends on the diffusion coefficient [37] and on the injection current sweep rate [38] , [39] . Fig. 1 (a) and (b) display the PS for slow and fast carrier diffusion and the same sweep rate (the current parameter increases linearly from to in 200 ns). It can be observed that the PS is preceded by oscillations in the two polarizations.
We studied the response to a small-amplitude current modulation with a value below, near and above the PS point, for both, slow and fast carrier diffusion. Fig. 2 displays the extreme values of the oscillations of the total intensity and of the and polarizations as a function of the modulation frequency. A clear symmetric peak, characteristic of forced oscillators, is observed below and above the switching point. The modulation frequency at which the resonance occurs is, as expected, the relaxation-oscillation frequency, , that increases with the modulation dc value. Comparing results for slow and fast carrier diffusion (left and right column of Fig. 2 , respectively) it can be observed that the resonance peak is more pronounced for fast diffusion.
Near the PS there are oscillations in both polarizations which have a complex dependency on the modulation frequency. As an example, the temporal evolution of the intensities of the and modes and the total power, for fixed and , and different values of are presented in Fig. 3 . It is observed that the dynamics is very similar for slow and fast carrier diffusion (left and right column of Fig. 3, respectively) , the only significant difference being at modulation frequencies near , where the pulses are larger for fast diffusion.
We also calculated the modulation response of the total intensity and of the and polarizations, by Fourier transforming the intensities and selecting the component of the spectrum at the modulation frequency,
. Results are displayed in Fig. 4 , for the same parameters as in Fig. 2 . The characteristic small-signal response, with a single peak at , is observed below and above the PS. The modulation peak is sharper for fast diffusion and for both, fast and slow diffusion, the response can be fitted by the functional form , where is a damping factor. Near the PS there is a complex response at low frequencies that originates in polarization co-existence and competition [ Fig. 4(e)-(f) ]. The small-signal modulation response of both, the polarization and the polarization is above the 3-dB level at low modulation frequencies, while there is single-mode response at frequencies above .
B. Small-Amplitude Modulation Near Type I PS
Next we consider a situation in which birefringence is larger and the dichroism parameter is positive, to give the polarization a lower threshold. In this situation the laser starts lasing in the polarization and as the current increases, if birefringence is large enough, at a certain point a PS occurs to the better confined polarization. This type of PS, referred to as type I [12] , is displayed in Fig. 1(c) and (d) , for slow and fast carrier diffusion, and the same current sweep rate as in Fig. 1(a) and (b) . It can be noticed that the PS is abrupt. For injection currents near the PS point there is hysteresis, bistability and noise-induced switching. Since our goal is to study the influence of transverse effects in the polarization competition, the spontaneous emission rate and the cavity anisotropies are set to values such as to avoid noise-induced switching ( is indicated in Table I and kept constant in all the simulations).
The effect of small-amplitude current modulation below and above the PS point, for slow and fast diffusion, is illustrated in Fig. 5 . A symmetric peak with the same characteristics as before is observed (centered at and sharper for fast diffusion). The small-signal numerical response in the Fourier domain of the total intensity and of the and polarizations is displayed in Fig. 6 , for the same parameters as in Fig. 5 . It can be noticed that, in spite of the polarization competition, the response of the total power as well as of the two polarizations has the same functional dependency on the modulation frequency, and can be well fitted by the single-mode response function, . In Fig. 5(a) and (c), it can be seen that the PS occurs in between and , whereas in Fig. 1(c) the PS is at about . Also, in Fig. 5(b) and (d), the PS occurs in between and , whereas in Fig. 1(d) the PS is at about . The discrepancy arises due to the fact that when the injection current increases in time (in Fig. 1 it grows from 0.8 to 1.8 in 200 ns) the PS does not take place at the "static" bifurcation point (defined for constant in time) but occurs at a higher value, as was discussed in detail in [38] , [39] .
The diffusion of carriers is seen to enhance the resonance peaks in the time domain (Figs. 2 and 5 ) and in the frequency domain (Figs. 4 and 6) . One should keep in mind, when comparing results for slow and fast diffusion, that the injection current parameter is also different: its value is such that, for low and large diffusion, we are near the PS point. and 6), it can be seen that the current effectively injected into the active region of the laser is about the same for large and low , because the output intensity in the absence of modulation is the same (e.g., in Fig. 2(a) and (b) , the continuous-wave (CW) output intensity is 0.5 for both, m ns and m ns), and the frequency of the relaxation oscillations is the same for m ns and m ns [e.g., in Fig. 2(a) and (b) , the resonance peak occurs at the same frequency of about 1.5 GHz, but the peak is sharper and more pronounced for m ns).
C. Larger Amplitude Modulation
Figs. 7 and 8 display results for larger modulation amplitude, low and large birefringence, and values of near type II and type I PS, respectively ( , other parameters are as in Figs. 2 and 5 ). The plot of the extreme values of the intensity oscillations reveals a distortion of the resonance peak that is asymmetric, suggesting the coexistence of solutions with different amplitude and the same frequency, e.g., large pulses and smaller sinusoidal oscillations. The plot of the extreme values of the total intensity is very similar for low and large birefringence, indicating that polarization competition does not have a significant impact on the oscillations of the total power, that are governed by the current modulation. Similar asymmetric curves have been found previously in the literature, using models that do not take into account either transverse or polarization effects [40] , [41] .
Comparing results for slow and fast diffusion (left and right columns of Figs. 7 and 8, respectively) we notice also that carrier diffusion does not have a significant impact, the main difference being a resonance at modulation frequencies near ( GHz), that is more pronounced for large . In Fig. 7 it can be observed that the polarization state of the light varies with the modulation frequency: for slow and fast modulation there is polarization coexistence, while for modulation frequencies near there is single-polarization emission (the polarization is off). In this parameter region we have observed that there is multi-stability of solutions and the polarization depends not only on the modulation frequency but also on the way the injection current is varied. Fig. 9 displays an example: in Fig. 9 (a) the modulation starts after a transient in which is constant (and equal to the modulation dc value); in Fig. 9(b)-(d) , the modulation starts after a transient in which increases gradually to the modulation dc value, and is observed that the polarization varies with the modulation frequency: there is oscillation on both polarizations for GHz [ Fig. 9(b) ] and GHz [ Fig. 9(d) ], but only on the polarization for GHz [ Fig. 9(c) ]. The plots of the extreme oscillation values displayed in Figs. 7 and 8 provide us with information about the relative amplitude of the two polarizations, but not about the phase relation between their oscillations. An inspection of the time traces reveals inphase pulses when the modulation is fast, while for slow modulation, the inphase pulses are accompanied by a slower out-of-phase behavior. As an example, a few temporal evolutions are presented in Fig. 10 , for various modulation frequencies and fixed values of and . For fast modulation the polarization dominates and exhibits large pulses, that are accompanied by smaller pulses of the polarization [ Fig. 10 Fig. 10(e) ]. Out of phase behavior can be observed because in some time intervals the polarization dominates, and in others, the polarization dominates.
Results of simulations of the original SFM equations (without spatial effects) presented in [34] show a similar influence of the modulation frequency (see [34, Fig. 3]) : the amplitude of the intensity oscillations decreases as the modulation becomes faster, and the polarization of the light varies with the modulation frequency. The comparison with [33] is not so straightforward because in [33] several transverse modes are considered (LP01, LP11c, LP11s, LP02, etc.) and the authors study the bifurcations in terms of a control parameter that is the dc value of the current modulation. Nevertheless, multistability of solutions is found, as we also do, for large modulation amplitude. 
IV. SUMMARY AND CONCLUSION
We studied numerically the dynamics of current-modulated VCSELs within the framework of a spatially dependent spin-flip model. The fundamental transverse mode of a cylindrical waveguide was used to describe the transverse profile of two orthogonal linear polarizations. Birefringence was taken into account by considering different core refractive indexes for the two polarizations. For low birefringence we studied the influence of current modulation near the PS of type II, from the low to the high frequency polarization; for larger birefringence we studied the influence of current modulation near the PS of type I, from the high to the low frequency polarization.
The influence of the bias dc value, the modulation amplitude, and the modulation frequency were analyzed. Different dynamic regimes, including polarization competition and polarization coexistence were found. For small modulation amplitude there are oscillations of the total intensity that are enhanced at modulation frequencies close to the relaxation oscillation frequency . A plot of the extreme values of the oscillations versus the modulation frequency reveals a resonance curve with a maximum near the relaxation oscillation frequency, and the characteristic shape of forced nonlinear oscillators. The influence of carrier diffusion is mainly an enhancement of the resonance peak at frequencies close to . We interpret this in the following way: at fast modulation frequencies, the response of the laser decreases rapidly, and the diffusion of carriers plays no role in the response because the modulation of the injected current is so fast that the carriers do not have time to diffuse; at low modulation frequencies, we are in the complementary situation of a quasi-static regime in which the current modulation is slow enough to permit the carriers to diffuse. For modulation frequencies near , fast carrier diffusion enhances the amplitude of the intensity oscillations because of the spatial hole burning effect: the faster the diffusion, the faster the carriers move to fill up the spatial hole burned by the growing intensity, thus allowing for larger intensity pulses (which translate, in the frequency domain, to a more pronounced peak in the modulation response, at modulation frequencies near ). We characterized the small-signal polarization-resolved modulation response in the Fourier domain for bias dc values below, near and above the polarization switching point. Close to type I PS the modulation response of the total power as well as the modulation response of the two orthogonal polarizations has the same functional dependency on the modulation frequency and can be fitted by the response function of a single-mode laser. Close to type II PS, polarization competition is a significant process at modulation frequencies near and below the relaxation oscillation frequency, because the intrinsic polarization oscillations that precede the PS (these oscillations are not induced by the current modulation) have a lower frequency than the relaxation oscillations.
The main conclusion of our work, which has been performed using parameters that are typical for VCSELs , is that carrier diffusion and transverse inhomogeneities have little influence on the polarization competition, which is mainly determined by the same physical mechanisms as in the original SFM model, i.e,. the combined nonlinear interplay of cavity anisotropies (dichroism and birefringence), saturable dispersion (alpha-factor) and the spin-flip relaxation rate [4] . We consider that our work can provide a connection between measured VCSEL data (such as the modulation response) and the SFM model parameters, that are difficult to estimate directly, but they can be globally adjusted such as to fit both the resonance frequency and the resonance linewidth.
In spite of the polarization competition, the modulation response of the total power can be fitted by the single-mode laser response function. The modulation response of the orthogonal polarizations displays features at low frequencies that are not present in the response of the total power. In principle, it would be possible to fit the modulation response to a theoretical curve, following the same procedure as in [42] , where the relative intensity noise of multimode VCSELs was calculated analytically.
To the best of our knowledge, this is the first study of the modulation response of VCSELs based on the SFM model. Further investigations to clarify the role of spin-flip relaxation and spontaneous emission noise will be very interesting .However, due to the fact that spatial effects have little influence on the polarization competition, the study of the role of the spin-flip rate and the noise level can be done based the original SFM model ( thus obviating the computational overheads incurred when account is taken of spatial effects).
For larger modulation amplitude we found complex pulsing behavior, with the orthogonal polarizations exhibiting a rich variety of oscillation regimes depending on the modulation frequency. We hope that these results will motivate new experiments on the polarization dynamics of current modulated VCSELs. A pronounced resonance peak can be desirable for applications in which the laser operates at a well-defined modulation frequency. We suppose that by the use of appropriate doping profiles the carrier diffusion coefficient can be carefully calibrated (within a limited interval), thus allowing the design of devices that yield the desired resonance at the specified modulation rate.
